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We consider a based loop group Le(G ) over a compact Lie group G, endowed
with its pinned Wiener measure & (the law of the Brownian bridge on G ) and we
shall calculate the Ricci curvature for differential n-forms over Le(G ). A type of
BochnerWeitzenbo ck formula for general differential n-forms (or Shigekawa iden-
tity) will be established.  1997 Academic Press
1. INTRODUCTION
Let G be a compact Lie group, with unit e. Consider the following path
group over G :
Pe(G )=[#: [0, 1]  G continuous; #(0)=e].
Let + be the Wiener measure on Pe(G ) induced by a G-valued Brownian
motion over [0, 1], starting from e. Consider the based loop group
Le(G )=[l # Pe(G), l(1)=e].
The associated Wiener measure & over Le(G ) is the Brownian bridge law.
The quasi-invariance of the measure & has been discussed by M. P. Malliavin
and P. Malliavin [MM1]. The differential and geometric calculus on Le(G )
were extensively investigated these last years by many authors. See [A1],
[AM2], [DL], [Gr1], [Gr2], [Gr3], [JL], [M], [MM1], [MM2],
[S2].
We are here interested in the de RhamHodgeKodaira operator g on
differential n-forms over Le(G ). Now there are two ways to approach the
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loop group Le(G ): (i) one way based on the corresponding submanifold of
the Wiener space; (ii) one other way based directly on the quasi invariance
of the Wiener measure &.
Analysis on submanifolds of the classical Wiener space is well established
now, thanks to several authors (see [AM1], [A2], [A3], [A], [AVb],
[Ge], [KS1], [KS2], [Vb]). In this context, the BochnerWeitzenbo ck
formula for general differential n-forms is proved by Kazumi and
Shigekawa ([KS2]). Following the approach (i), Shigekawa succeeded in
transfering the BochnerWeitzenbo ck formula (for differential 1-forms)
from a submanifold of the classical Wiener space X to the loop group
Le(G ) (see [S2]). The real difficulty of this method is to give an explicit
expression of the associated Ricci term. This is relatively easy in the case
of the path group, because the associated Ricci term is identity (see
[FF2]). The situation for loop group is quite different: firstly at the level
of the submanifolds of the Wiener space, the computation is not easy;
secondly the transfer by Ito map does not give obviously the explicite
expression of the associated Ricci term. In this paper, we shall follow the
approach (ii). We shall take advantage of the quadratic form associated to
the de RhamHodgeKodaira operator g. This enables us to apply the
formula of integration by parts, which simplifies some calculations.
A direct application of the BochnerWeitzenbo ck formula (of order 1) is
to give an explicit expression of the 12 in the sense of Bakry and Emery.
As already pointed out by Getzler [Ge], the term due to the Wiener
measure in the Ricci term provides an extra term of stochastic integral in
the loop case, working against the hypercontractivity. To avoid this dif-
ficulty, Driver and Lohrenz considered the BochnerWeitzenbo ck formula
with respect to the Laplacian operator on Le(G), and derived a logarithmic
Sobolev inequality with respect to the heat kernel measure (see [DL]).
2. GENERAL FRAMEWORK
2.1. Wiener Measure
Let G be a compact Lie group, with unit element e, and endowed with
its left invariant connection. Let G be its Lie algebra. Without lossing any
generality, in this article we shall consider G as a group of matrices. Set
Pe(G )=[#: [0, 1]  G continuous; #(0)=e].
Consider the following Stratonovich s.d.e. on G:
d#x({)=#x({) b dx({), #x(0)=e, (2.1.1)
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where x({) denotes the G-valued Brownian motion starting from 0, namely
x # X :=Co([0, 1], G).
Let P be the Wiener measure on X. Let I : X  Pe(G ) be the Ito^ map
defined by: I(x)({)=#x({). Then the Wiener measure + on Pe(G) is the law
of I under +: +=P b I&1; and I is a measurable isomorphism between
(X, P) and (Pe(G), +) (see [MM1]).
Consider now the following loop group:
Le(G )=[l # Pe(G); l(1)=e].
Denote by & the pinned Wiener measure (or Brownian Bridge law) on
Le(G ), and denote by F Gs the _-field in Pe(G ) generated by [#({);
0{s]. Let pt( g) be the heat kernel associated to the biinvariant
Laplacian on G, starting from e. Then it has been known since Doob:
Proposition 2.1.2. We have
(i) Le(G ) # F G1 ;
(ii) & is a probability measure on F G1 such that + and & are equivalent
on F Gs for s<1 and
|
Le (G )
f (#) d&(#)=|
Pe (G )
f (#)
p1&t(#(t))
p1(e)
d+(#), for s<t
and for all bounded F Gs -measurable function f.
By (2.1.1), we can regard x(s) as a measurable function on Pe(G ); the
following result was proved in [Gr1, p. 291], and also is immediate via
quasi-sure analysis (see ([MM1], Section 3)):
Proposition 2.1.3. For all p1, x(s) converges in L p(&) as s  1.
We shall denote by x(1) the so-obtained version, that belongs to
 p>1 L p(&).
2.2. Differential Calculus
We shall take on G an Ad-invariant Riemannian metric | } |, and consider
H={h: [0, 1]  G absolutely continuous; h(0)=0, |
1
0
|h4 ({)| 2 d{<+=
and Ho its closed subspace defined by: Ho=[h # H; h(1)=0].
We shall denote by ( , ) the inner product in G and by ( , ) Ho the one
in Ho . It is well known that the pinned Wiener measure & is quasi invariant
under the action of e=h, for h # Ho . Namely:
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Theorem ([MM1]). For h # Ho , there exists a borelian function Kh #
L&(Le(G )) such that
|
L= (G )
F(leh) d&(l )=|
Le (G )
F(l ) Kh(l ) d&(l ),
for all bounded borelian functions F on Le(G ). Here L&(Le(G ))=
 p>1 L p(Le(G )).
Now a function F is said to be # D p1 if F # L
p(Le(G )) and there exists
DF # L p(Le(G ), Ho) such that
(DF(l ), h) Ho=DhF(l )={ dd= F(le=h)= ==0 in Lp& for all h # Ho .
F is said to be strongly differentiable if F # p D p1 . Let us call cylindrical
any function F on Le(G) which is defined by
F(l )=f (l({1), ..., l({r)), 0{1< } } } <{r1
where f : Gr  R is a smooth function. We shall denote by C the space of
cylindrical functions on Le(G). It is clear that cylindrical functions are
strongly differentiable.
Given h, k # Ho , we define [h, k] # Ho by: [h, k]({)=[h({), k({)]=
h({) k({)&k({) h({).
Proposition 2.2.1. For h, k # Ho , we have: D[h, k]=DhDk&DkDh on C.
2.3. LeviCivita Connection
Given h, z # Ho , we define
q(h, z)=|
1
0
[h({), z* ({)] d{. (2.3.1)
It is clear that q(h, z) is a continuous symmetric bilinear form on Ho .
Following Aida [A1], DriverLohrenz [DL], Shigekawa [S2], we intro-
duce the covariant derivative {hz # Ho by
{hz
.
({)=[h({), z* ({)]&q(h, z), (2.3.2)
and
{h(Fz)=Dh Fz+F{hz for all F # C, z # Ho .
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For a # G, set ad(a)b=[a, b] for b # G. Then the Killing form on G is
defined by
K(a, b)=&Trace(ad(a) ad(b)).
Let z, z1 , z2 # Ho . Define: z ({)=z({)&10 z(s) ds and:
J(z1 , z2)=|
1
0
K(z 1(t), z 2(t)) dt. (2.3.3)
Proposition 2.3.4 (see [A1], [DL], [S2]). { is the LeviCivita con-
nection on Le(G ), namely:
(i) ({hz1 , z2) Ho=&(z1 , {hz2) Ho ,
(ii) T(z1 , z2)={z1 z2&{z2 z1&[z1 , z2]=0.
Moreover the curvature tensor R(z1 , z2)z={z1 {z2 z&{z2 {z1 z&{[z1 , z2 ] z is
given by
(iii) R(z1 , z2)z
.
=[z 2 , q(z1 , z)]&[z 1 , q(z2 , z)].
Theorem 2.3.5. (a) Set C1=(sup|a|=1 K(a, a))12 ; then for all z in Ho :
&{z&HoHoC1 2 &z&Ho .
(b) Let B be an Hilbertian orthonormal basis of H0 ; then for all
z1 , z2 # Ho
:
h, k # B
({h z1 , k)({k z2 , h) =J(z1 , z2), the series converging absolutely.
Remark. (i) &J(z, z) is justly the Ricci curvature calculated in [DL];
(ii) On the path group, the above series equals 0.
Proof. Let us fix an orthonormal basis e1 , ..., ed of G, and write
h=di=1 h
iei . Set
(i) {s, i z(t)=ad(ei )(1(s<t)z* (t)&tz* (t))+ad(ei ) \z(s)&|
1
0
z(u) du+ .
Then
|
1
0
{s, i z(t) ds=|
1
0
{s, i z(t) dt=0 and :
d
i=1
|
1
0
{s, iz(t) h4 i (s) ds={hz
.
(t).
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Therefore
({hz, k) Ho=:
i
|
1
0
|
1
0
({s, iz(t) h4 i (s), k4 (t)) ds dt
=:
ij
|
1
0
|
1
0
{ js, i z(t) h4
i(s) k4 j (t) ds dt
where { js, i z(t) :=({s, i z(t), ej ). Hence
&{z&2HoHo= :
h, k # B
({hz, k) Ho ({h z, k) Ho
=:
ij
|
1
0
|
1
0
({ js, i z(t))
2 ds dt.
Therefore by developing (i) and using that for
a, b # G : :
d
i=1
(ad(ei )a, ad(ei )b) =K(a, b),
we get
:
d
i=1
|{s, i z(t)| 2=K(1(s<t)z* (t)&tz* (t), 1 (s<t)z* (t)&tz* (t))
+2K(1(s<t)z* (t)&tz* (t), z (s))+K(z (s), z (s)).
So
&{z&2HoHo=|
1
0
(t&t2) K(z* (t), z* (t)) dt&|
1
0
K(z (s), z (s)) ds
|
1
0
(t&t2) K(z* (t), z* (t)) dt
C 21
4
&z&2Ho .
On the other hand
:
h, k # B
({hz1 , k)({k z2 , h) =:
ij
|
1
0
|
1
0
{ js, i z1(t) {
i
t, j z2(s) ds dt,
that we decompose by using (i). Many terms in this decomposition vanish.
Using that for a, b # G: ij (ad (ei )a, ej )(ad(ej )b, ei ) =&K(a, b), it leads
to
&|
1
0
K(z* 1(t), z2(t)) t dt&|
1
0
K(z1(t), z* 2(t)) t dt&K \|
1
0
z1(u) du, |
1
0
z2(u) du+ ,
which gives (b). K
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2.4. Divergence Operator
Let h # H. Define
$(h)(#)=|
1
0
(h4 ({), dx({)) , where #=I(x). (2.4.1)
We have to redefine $(h) on Le(G). Using Malliavin’s quasi sure analysis
(see [MM1], 3.1.3), we see for all h having compact support in [0, 1[ :
&$(h)&Lp (&)cp &h&H . (2.4.2)
So by density, we can define $(h) on Le(G ) for any h # Ho , and (2.4.2)
remains true.
Proposition 2.4.3. For F in C and h in Ho , we have
|
Lc(G)
(DF, h) Ho d&=|
Le(G )
F$(h) d&.
Proof. See [MM1, 4.4.1]. K
The following result, in the path case, is proved by Gross (see [Gr1,
p. 229]).
Theorem 2.4.4. Let z # Ho . Then $(z) is strongly differentiable on Le(G );
moreover for all h # Ho
Dh$(z)=$({hz)+(h, z) Ho+(q(h, z), x(1)) .
Proof. Let 0<:<1 such that z({)=0 for { # [:, 1]. $(z) is therefore
F G: -measurable. Set #==#e
=h. Then
d#=({)=#=({) b [Ad(e&=h({)) dx({)+=h4 ({) d{].
Therefore
$(z)(#=)=|
1
0
(Ad(e=h({)) z* ({), dx({)) += |
1
0
(z* ({), h4 ({)) d{.
So we can differentiate $(z)(#=) with respect to = in Lp(+); and since
supg # G ( p1&:( g)p1(e))<+, and by 2.1.2, we have
{ dd= $(z)(#=)= ==0=|
1
0
([h, z* ], dx) +(h, z) Ho in L
p(&).
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Now using CruzeiroMalliavin’s notations [CM], set s, :({)=1(s<{) e: ,
for : # [1, ..., d] and [e1 , ..., ed ] an orthonormal basis of G. Then
|
1
0
([h, z* ], dx)= :
d
:=1
|
1
0
h4 :(s) |
1
0
([s, :({), z* ({)], dx({))ds.
Therefore
[D$(z)]({)= :
d
:=1 {|
{
0 _|
1
0
([s, :({), z* ({)], dx({)) e:& ds
&{ |
1
0 _|
1
0
([s, :({), z* ({)], dx({)) e:& ds=+z({).
Using again (2.4.2), we obtain: (Le (G ) &D$(z)&
p
Ho
d&)1pc$p &z&Ho . Now, for
z # Ho , take zn # Ho having compact support in ]0, 1[ such that zn tends
to z in Ho ; then $(zn) converges in D p1 (for all p # ]1, [). Therefore $(z)
is strongly differentiable in Le(G ). By (2.3.2), we have:
|
s
0
([h, z* ], dx) =|
s
0
({hz
.
, dx)+(q(h, z), x(s)) for all s<1.
According to 2.1.3 and 2.4.2, we conclude by letting s go to 1. K
3. DIFFERENTIAL FORMS ON Le(G )
3.1. Covariant Derivatives
Definition 3.1.1. Let us call elementary differential n-form on Le(G )
any | of the following form:
|=Fy1 7 } } } 7 yn , F # C, yi # Ho*(:=the dual of Ho), (3.1.1)
where y1 7 } } } 7 yn is the alternate n-linear form on Ho defined by
y1 7 } } } 7 yn(z1 , ..., zn)=det(( yi (zj ))1i, jn).
Let n denote the vector space spanned by the elementary differential
n-forms.
Definition 3.1.2. Given y # Ho*, we shall denote by y* the element of
Ho defined by y(z)=( y*, z) Ho for all z # Ho , and for h # Ho , we denote
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by h* the element of Ho* defined by h*(z)=(h, z) Ho for all z # Ho . The
inner product of Ho induces an inner product in Ho* by
( y1 , y2) Ho*=( y1* , y2* ) Ho for y1 , y2 # Ho*.
So it induces an Hilbertian structure on n Ho*:
( y1 7 } } } 7 yn , y~ 1 7 } } } y~ n) :=y1 7 } } } 7 yn( y~ 1
*
, ..., y~ n
*
)
=det(( yi , y~ j )1i, jn).
Definition 3.1.3. Let z # Ho . We define for y # Ho*: {z y=({z y*)* # Ho*,
or {z y(h)=&y({zh) for all h # Ho . For |=Fy1 7 } } } 7 yn # n , let its
covariant derivative along z be
{z|=DzFy1 7 } } } 7 yn+ :
n
i=1
Fy1 7 } } } 7 {z yi 7 } } } 7 yn , (3.1.3)
or equivalently ({z|)(z1 , ..., zn)=Dz|(z1 , ..., zn)&ni=1 |(z1 , ..., {zzi , ..., zn).
Definition 3.1.4. Let z1 , z2 # Ho , and | # n . We define an extension
of R of 2.3.3:
R(z1 , z2)|=({z1 {z2&{z2 {z1&{[z1 , z2 ])|.
Remark 3.1.5.
R(z1 , z2)(Fy1 7 } } } 7 yn)=F :
n
i=1
y1 7 } } } 7 (R(z1 , z2) yi
*
)* 7 } } } 7 yn .
3.2. Exterior Derivative d
Let | # n . By 2.3.5(a) and 3.1.3, there exists {| # Ho n such that
{|(h)={h|.
Definition 3.2.1. Let | # n ; we define (z^i meaning that zi is absent at
its place):
d|(zo , z1 , ..., zn)= :
n
i=0
(&1) i ({zi |)(zo , ..., z^i , ..., zn)
for all zo , ..., zn # Ho .
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Proposition 3.2.2. Let | # n , and let B be an Hilbertian orthonormal
basis of Ho . Then we have with strong convergence of the series:
d|= :
h # B
h* 7{h |.
Proof. The convergence in n+1 Ho* will be proved in 3.3.4. For the
moment, we identify the above equality. By definition 3.2.1
d|(zo , z1 , ..., zn)= :
h # B
:
n
i=0
(&1) i (zi , h)({h|)(zo , ..., z^ i , ..., zn)
= :
h # B
(h* 7 {h |)(zo , ..., zn).
In fact, we can write {h| in the form {h|= Fy1 7 } } } 7yn . Now
h* 7 y1 7 } } } 7 yn (zo , z1 , ..., zn) is a determinent. Developping it along the
first line, we obtain the result. K
3.3. Interior Product
Definition 3.3.1. For h # Ho , | # n , we define: (%h|)(z1 , ..., zn&1)
=|(h, z1 , ..., zn&1), or equivalently: (%h|, |$)=(|, h* 7 |$) for all
|$ # n&1.
Proposition 3.3.2. For |=Fy1 7 } } } 7 yn , set |@^=Fy1 7 } } } yi&1 7
yi+1 7 } } } 7 yn . Then
%h |= :
n
i=1
(&1) i&1 yi (h) |@^ .
Corollary 3.3.3. Let h, k # Ho , and |, |$ # n . We have:
(h* 7|, k*7 |$)=(h, k)(|, |$)&(%k |, %h|$).
Proposition 3.3.4. We have for any | # n and any Hilbertian ortho-
normal basis B of Ho :
|{|| 2&|d|| 2= :
h, k # B
(%k{h|, %h{k |) ,
with absolute convergence of the series.
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Proof. Using
||| 2=(n!)&1 :
z1 , ..., zn # B
(|(z1 , ..., zn))2
we see that h # B |%h|| 2=n||| 2; hence
:
h, k # B
|%h%k|| 2=n :
k # B
|{k || 2=n |{|| 2<.
Similarly by 3.3.3:
:
h, k # B
|(h* 7 {h |, k* 7{k|) |
 :
h, k # B
|(h, k)({h |, {k|) |+ :
h, k # B
|(%k{h |, %h{k|) |
 :
h # B
|{h||2+ :
h, k # B
|%k{h|| 2
=(n+1) |{|| 2<,
which proves the strong convergence of the series in Proposition 3.2.2.
Now using 3.2.2. and 3.3.3 again:
|d|| 2= :
h, k # B
(h* 7 {h |, k* 7 {k |)
= :
h, k # B
((h, k)({h|, {k|) &(%h{k |, %k{h|) )
= :
h # B
({h |, {h|)& :
h, k # B
(%h{k |, %k{h|)
=|{|| 2& :
h, k # B
(%h{k |, %k{h|). K
3.4. Divergence Operator d*
Definition 3.4.1. For |=Fy1 7 } } } 7 yn # n , set
d*|= :
n
i=1
(&1) i&1 (&{yi
*
|@^+$( yi
*
) |@^ ).
Theorem 3.4.2. We have for all w # n , |$ # n&1 :
|
Le (G )
(d|$, |) d&=|
Le (G )
(|$, d*|) d&.
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Proof. This is more or less classical, and rapidly seen by using suc-
cessively 3.2.2, 3.3.1, 3.3.2, 2.3.4.(i), (3.1.3) and 2.4.3. K
4. BOCHNERWEITZENBO CK FORMULA
The BochnerWeitzenbo ck formula in infinite dimensional setting was
first considered by Shigekawa [S1]. The extension to Riemannian path
space was discussed in [CM], [CF], [F], [FF1], [FF2].
Let B be an Hilbertian orthonormal basis of Ho . For | # n written in
the form
|=:
:
|:=:
:
F: y:1 7 } } } 7 y
:
n ,
we have according to 3.3.2:
(%h|, %k |)=:
:;
:
ij
(&1) i+j y:i (h) y
;
j (k)(|:@^ , |;}^ ) .
Since (q( y:i
*
, y ;j
*
), x(1))=h, k # B (q(h, k), x(1)) y
:
i (h) y
;
j (k), we deduce:
:
h, k # B
(q(h, k), x(1))(%h |, %k|)
=:
:;
:
ij
(&1) i+j (q( y:i
*
, y ;j
*
), x(1))(|:@^ , |;}^ ).
Similarly, we have
:
h, k # B
J(h, k)(%h |, %k|) =:
:;
:
ij
(&1) i+j J( y:i
*
, y ;j
*
)(|:@^ , |;}^ ) ,
and
:
h, k # B
(R(h, k) %h|, %k|) =:
:;
:
ij
(&1) i+j (R( y:i
*
, y ;j
*
) |:@^ , |;}^ ).
Theorem A. For | # n , define the quadratic forms
(i) R1(|)=h, k # B (q(h, k), x(1))(%h|, %k |);
(ii) R2(|)=&h, k # B J(h, k)(%h |, %k |);
(iii) R3(|)=h, k # B (R(h, k) %h|, %k |).
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Then we have
(iv) E( |d*|| 2)+E( |d| | 2)=nE( ||| 2)+E( |{|| 2)+E(R1(|))
+E(R2(|))+E(R3(|)).
In particular, for n=1, with |
*
= Fi yi
*
if |= Fi yi :
(v) E( |d*|| 2)+E( |d|| 2)=E( ||| 2)+E( |{|| 2)&E(J(|
*
, |
*
))
+E((q(|
*
, |
*
), x(1)) ).
Corollary B. For C2 :=sup|a|=|b|=1 |[a, b]| and all z # Ho :
E( |$(z)|2)(1+ 14C
2
1+C2 E( |x(1)| )) &z&
2
Ho
.
Proof. Let z # Ho ; by 2.3.5, 2.1.3 and Theorem A, we have:
E( |$(z)|2)&z&2Ho+&{z&
2
HoHo
+E( |(q(z, z), x(1)) | )
&z&2Ho+
C 21
4
&z&2Ho+C2E( |x(1)| ) &z&
2
Ho
. K
4.1. Computation of E( |d*|| 2)
Let |=: |:=m:=1 F: y
:
1 7 } } } 7 y
:
n belong to n . Then by 3.4.1 we
have
|d*|| 2=:
:;
:
ij
(&1) i+j [({y:i
*
|:@^ , {y;j
*
|; }^ )&({y:i
*
|:@^ , $( y;j
*
) |; }^ )
&($( y:i
*
) |:@^ , {y;j
*
|;}^ ) +$( y
:
i
*
) $( y ;j
*
)(|:@^ , |;}^ )]. (4.1.1)
Now
E(({y :i
*
|:@^ , $( y ;j
*
) |;}^ ) )=E(Dy;j
*
({y:i
*
|:@^ , |;}^ ) )
=E(({y;j
*
{y:i
*
|:@^ , |;}^ )+({y:i
*
|:@^ , {y;j
*
|; }^ ) ),
(4.1.2)
and
E($( y:i
*
) $( y ;j
*
)(|:@^ , |;}^ ) )
=E(Dy ;j
*
$( y:i
*
)(|:@^ , |;}^ ) )+E($( y
:
i
*
)({y ;j
*
|:@^ , |; }^ ) )
+E($( y:i
*
)(|:@^ , {y;j
*
|;}^ ) ). (4.1.3)
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Now, using 2.4.4, we have
E(Dy;j
*
$( y:i
*
)(|:@^ , |;}^ ) )
=E($({y;j
*
y:i
*
)(|:@^ , |;}^ ) )+E(( y
;
j
*
, y:i
*
)(|:@^ , |;}^ ) )
+E((q( y ;j
*
, y:i
*
), x(1))(|:@^ , |;}^ ) ). (4.1.4)
We also have:
E($( y:i
*
)({y;j
*
|:@^ , |;}^ ) )
=E(({y :i
*
{y ;j
*
|:@^ , |;}^ ) )+E(({y;j
*
|:@^ , {y:i
*
|;}^ ) ). (4.1.5)
Using (4.1.1)(4.1.5), we finally obtain
E( |d*||2)=:
:;
:
ij
(&1)i+j [E($({y;j
*
y:i
*
))(|:@^ , |; }^ ))
+E(( y ;j
*
, y:i
*
)(|:@^ , |;}^ ) )+E((q( y
;
j
*
, y:i
*
), x(1))(|:@^ , |;}^ ) )
+E(([{y:i
*
, {y;j
*
] |:@^ , |;}^ ) )+E(({y;j
*
|:@^ , {y:i
*
|; }^ ) )].
(4.1.6)
As
E($({y ;j
*
y:i
*
))(|:@^ , |; }^ ) )=E(({{ y;j
*
y :i
*
|:@^ , |; }^ ) )+E((|:@^ , {{ y ;j
*
y :i
*
|; }^ ) )
and by 2.3.3, {y ;j
*
y:i
*
={y:i
*
y ;j
*
+[ y ;j
*
, y:i
*
], it follows from (4.1.6) and 3.1.4
that:
E( |d*|| 2)=:
:;
:
ij
(&1)i+j [E(( y;j
*
, y:i
*
)(|:@^ , |;}^ ) )
+E((q( y ;j
*
, y:i
*
), x(1))(|:@^ , |;}^ ) )+E((R( y
:
i
*
, y ;j
*
) |:@^ , |;}^ ) )
+E(({y;j
*
|:@^ , {y:i
*
|;}^ ) )+2E(({{y :i
*
y;j
*
|:@^ , |; }^ ) )]
=E(I1)+E(R1(|))+E(R3(|))+E(I4)+2E(I5). (4.1.7)
4.2. Computation of |{|| 2&|d|| 2 and proof of Theorem A
Lemma 4.2.1. For h, k # Ho , we have: {h %k&%k{h=%{hk .
Proof. For |=FY=Fy1 7 } } } 7 yn , we have by 3.3.2 and (3.1.3):
{h%k |=DhF%k Y+F :
n
i=1
(&1) i&1 yi (k) :
j{i
y1 7 } } } {h yj 7 } } } 7 yn
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and
%k({h |)=DhF%k Y+F :
n
j=1
:
i{j
(&1) i&1 yi (k) y1 7 } } } {h yj 7 } } } 7 yn
+F :
n
j=1
(&1) j&1 ({h yj )(k) Y }^ ,
hence
{h%k |&%k{h|=&F :
n
j=1
(&1) j&1 {h yj (k) Y }^
=F :
n
j=1
(&1) j&1 yj ({hk) Y }^=%{h k|. K
Using now %k{h={h%k&%{hk , we have
(%k{h |: , %h{k|;) =({h%k |: , {k%h|;)&({h%k |: , %{kh|;)
&(%{hk|: , {k %h |;) +(%{hk|: , %{kh |;).
Set accordingly
:
:;
:
h, k # B
(%k{h|: , %h{k|;) =J1+2J2+J3 .
Using 3.3.2 and 4.1.7, we have:
J1=:
:;
:
h, k # B
:
ij
(&1) i+j y:i (k) y
;
j (h)({h|:@^ , {k|;}^ ) =I4 ,
and
J2=&:
:;
:
h, k # B
:
ij
(&1) i+j y:i (k) y
;
j ({kh)({h|:@^ , |;}^ )
=:
:;
:
ij
(&1) i+j ({{ y :i
*
y;j
*
|:@^ , |;}^ )=I5 .
Applying 2.3.5, we obtain:
J3=:
:;
:
h, k # B
:
ij
(&1) i+j y:i ({hk) y
;
j ({kh)(|:@^ , |;}^ )
=:
:;
:
ij
(&1) i+j J( y:i
*
, y ;j
*
)(|:@^ , |;}^ ).
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So according to 3.3.4, we get
|{|| 2&|d|| 2=J1+2J2+J3+I4+2I5&R2(|). (4.2.2)
Finally observe that
:
ij
(&1) i+j ( y:i
*
, y ;j
*
)(|:@^ , |;}^ )=:
i
(&1) i&1 (|:@^ , %y:i
*
|;)
=:
i
(&1) i&1 ( y:i
*
7|:@^ , |;)
=n (|: , |;),
to get: I1=nE( ||| 2). Now combining this, (4.1.7) and (4.2.2), we obtain the
Theorem A. K
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